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The incremental work of total deformation is

dwy =4vr de /3. (4.16)

The incremental work of elastic deformation is

dwa, = 8or dy 3= (dorf3p) dt = 2ul3w) d(rD). 4.17)

The incremental work of plastic deformation is obtained by subtracting equation (4.17) from
equation (4.16):

dw, = (4/ 3507(d€x —d7/p) = (8/3)vr dy” (4.18)

where dy” = (de,” —de,”)/2.

If we assume that there is always an elastically-strained state imbedded in every deformed
state, and that this elastic state is inherently reversible and recoverable, it follows that an
internal energy function exists which depends on elastic strains, entropy, and perhaps internal

variables. Neglecting internal variables, increments in the internal energy function can be
written[19]

de=TdS +dw.. (4.19)

According to equation (4.19) and the foregoing assumptions, internal energy can be expres-
sed in terms of entropy and the elastic strains. For example,

e=e(S, &, €). (4.20)

The appearance of €, in this potential is illusory. It does not imply a physical dependence of e
on plastic strain. Nonetheless, (de/d€.”). s exists and must be counted in applications.
Referring now to equation (4.1), we have ¢ =€, p, = p*, a*=a, I*=(dpJdS),., a*=
—2u, where u is the rigidity modulus. Comparing equations (4.2) and (4.8) we have n* =0.
Equations (4.5) and (4.20) give n = —2v7. Then equation (4.7) becomes, with dg/dt =0,

 tcr sk
azg_g&_m(l _u) de; 4.21)

dt  dt w /) dt”

Since 7 is equal to half the yield stress, the effect of including the thermal variables is to slightly
decrease the effective relaxation function[20].

(ii) Phase transitions in liquids. These have been treated in detail elsewhere[21, 22]. In the
present formalism, if A is the fraction of material in phase 2, the parameters of equation (4.1)
are [23]:

P dP

i sy v’/(Bv — Ty*v*|Cpy), 4.22)

=1 ("_”)
Y v \oT p,)"

Cpr =(1=1)Cp;+ ACps,

where

Cp;i = sp. heat at constant pressure of phase i,

__1(ow
A= v(aP)m'

* = y0*/(BvCpy — y*0*T),

; 4.23)
a*=£ _ywTAS - CpAv
Alus  y'T - BoC, (4.24)
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Equation (4.2) is unchanged: w = —P*4, i.e. n* = 0. Equation (4.3) becomes
é=—Pi+ TS+ (u2— p)A
where u,; and u, are the chemical potentials of phases 1 and 2. Then
N= 2= pr | (4.25)

In equation (4.7), p%=p: =P, n*=0, a*, T'*, a* and n are given by equations (4.22)-(4.25).

5. DISCUSSION

Equations (3.5) and (4.7) show the effects of introducing a variable other than v and S in the
constitutive equation of material through which a plane wave is passing. The consequence is
always to add an additional term to the p, p, S relation. This additional term is carried through
the flow equations and invariably introduces ‘Maxwell attenuation’ into the shock decay
process. The existence of this term does not depend on the additional process being dissipative,
thoughits coefficient is enhanced by dissipation, which causes flow behind the shock to be entropic.

The fundamental reason for this effect lies in the fact that there are but three equations to
describe continuum flow and four variables, p, p, S, u. A single constitutive relation then
provides a soluble set, as long as no new variable is introduced. If it is, it must be carried
through the equations in an ad hoc way. Only if another constitutive relation and a correspond-
ing differential equation are added, can this situation be avoided. For example, if electric
displacement is added, as in equation (3.20), the Maxwell-like term can be eliminated if an
additional constitutive relation and the appropriate electromagnetic equations are added.

When the extra variable is a density derivative, as for the viscous fluid, a curious situation
arises. One can proceed, in principle, to combine the constitutive relation, equation (3.21), with
the flow equations, eliminate p and u, and solve the resulting third order equation for p. But in
so doing the utility of heuristic understanding of wave propagation problems is lost and the new
problem stands in isolation. Yet one feels that the problem as stated is still essentially a wave
propagation problem, and that only a little tinkering with the mathematical apparatus of wave
propagation should provide understanding. This view may be wrong; certainly it has not yet
yielded an estimate of the importance of viscous attenuation in the shock decay process or a
satisfactory description of its interaction with hydrodynamic attenuation.

The reader should be aware that an extensive literature exists of which the principal purpose
is to determine the entire propagation history of decaying shock waves, principally in gases.
The problem has little relation to the one discussed here, but the interested reader can gain
entry to the literature through Ref. [9, p. 160].

REFERENCES
1. W. Herrmann & J. W. Nunziato, Nonlinear constitutive equations. In Dynamic Response of Materials to Intense
Impulsive Loading, (Edited by P. C. Chou & A. K. Hopkins) Chap. 5. Wright Patterson Air Force Base, Ohio, Air
Force Materials Laboratory (1973).
L. E. Malvern, Introduction to the Mechanics of a Continuous Medium, Chap. 6. Prentice-Hall, Englewood Cliffs, New
Jersey (1969).
. L. M. Barker & R. E. Hollenbach, J. appl. Phys. 41, 4208 (1970).
. L. E. Pope & J. N. Johnson, J. appl. Phys. 46, 720 (1975).
. J. N. Johnson, J. appl. Phys. 43, 2074 (1972). .
. Sir G. Taylor, Propagation and decay of blast waves. In The Scientific Papers of Sir Geoffrey Ingram Taylor—Collected
Works, (Edited by G. K. Batchelor) Vol. 3, pp. 221-235. Cambridge University Press, England (1963).
7. A. J. Harris, The decay of plane, cylindrical and spherical shock waves. In The Shock Wave—Underwater Explosion
Research: A Compendium of British and Americal Reports, Vol. 1. Office of Naval Research, Washington D.C. (1950).
8. A. J. Harris, Decay of shock waves in water.
9. R. Courant & K. O. Friedrichs, Supersonic Flow and Shock Waves, Section 37. Interscience, New York (1948).
10. Y. M. Gupta, G. E. Duvall & G. R. Fowles, J. appl. Phys. 46, 532 (1975).
11. P. J. Chen, L. Davison & M. F. McCarthy, J. appl. Phys. 47, 4759 (1976).
12. G. E. Duvall, J. appl. Phys. 48, 4415 (1977).
13. W. W. Wood & J. G. Kirkwood, J. appl. Phys. 28, 395 (1957). tee}
14. C. M. Tarver, R. Shaw & M. Cowperthwaite, J. chem. Phys. 64, 2665 (1976).
15. B. D. Coleman & M. E. Gurtin, Archs ration. Mech. Analysis 19, 239 (1965).

L

N e W




